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Solutions to review exercises for quiz and
final exam

1 Themel

1.

Machine epsilon €, is the distance between the number 1 and the next floating point
number. (Warning: in this course, we use Matlab’s definition of machine epsilon. Another
common definition is the one used in Wikipedia’s machine epsilon article. Wikipedia’s
definition yields a machine epsilon that is %e M)-

1
Clx—-flx)] < EeMIxI. For, €37 = 27°2, this estimate yields the bound |7 — fl(n)| < 277 =

3.5x 10716, (Tighter bounds can be given!)

. The appropriate test is to check whether | f(x) — al < 7 (in Matlab, abs(f - a) <= tau),

where 7 > 0 is a small number.

. The discretization error usually dominates.

. (i) Problems that are sensitive to changes in input data, for instance the solution of linear

systems with almost singular (ill-conditioned) matrices. (ii) When numerically unstable
algorithms are used.

. When the result of a floating point calculation yields a number of magnitude less than

what is representable as a normalized number in the floating point system. Attempting
the operations 0/0 and Inf-Inf, for instance, will result in NaN.

. Cancellation of significant digits can occurs when subtracting two digits that almost are

the same, for instance the calculation v'1+ x2 — v'1 — x2.

. The discretization error will dominate for large values of h, whereas the rounding error

will dominate for small values of A.

. Short explanation (sufficient!): the partial sums Sy = Z]kV:l 1/k eventually become large

enough so that next term 1/(N + 1) vanishes in the roundoff.

A little longer explanation:

SN+1 =Sy + ZSN(I

+—
N+1 SN(N+1)

By definition, the next larger floating point number after 1 is 1 +€),. Thus, the above
right-hand side will be rounded to Sy when N is so large that

1 1

— < ey,
Sy(N+1) 2 M

and the sum will stall at Sy .
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1.

2.

x = B\(2%A + eye(n))*(C\b + Axb);

LU factorization takes about %ns flops. Thus, the time per floating point operation is
tp=TI/ (% n3), where T is the elapsed time. Forward and backward substitution takes n?
flops each, which yields the elapsed time

, T 3T 311
§n3"2n_2-5000

beznztfzn =3.3ms,

for either of the operations. (In reality, the substitution will take slightly longer time due
to startup times.)

. When writing A\b, the linear system will be solved using Gaussian elimination, which

takes less floating point operations than to explicitly compute the inverse matrix and
than perform the matrix—vector multiplication inv (A) *b.

(i) LU factorize the matrix once and for all (takes about %n?’ floating point operations,
where n is the order of the matrix). (ii) Perform forward and back substitutions for each
right hand side. These require 2n? floating point operations per right-hand side. (The
costly factorization step will be performed only once when using this strategy.)

A= LU yields AT =UTLT. The equation AT x = b can thus be written U LT x = b and be
solved by solving the two following triangular system in sequence:

Uly=bn,

LTx= V-
No. The condition number (x(A) = || A~ A]]) is a property of the matrix itself, indepen-
dent of which algorithm that is used to factorize it.

| Alloo = 8.5 (largest 1 norm of the row vectors), || All; = 6.5 (largest 1 norm of the column
vectors). To compute || All2, form matrix S = AT A, which will be symmetric (and positive
semidefinite). Then || All, will be the square root of the largest eigenvalue of S.

Matrix 1: ill conditioned (x = 1029). Matrices 2 and 3: well conditioned (x = 1). Matrix 4: ill
conditioned (the columns are linearly dependent, so the matrix is singular with x = +00).

(a) Making the ansatz A = LU with

_ 1 0 _(un Uiz
L_(lll 1)’ U_(O Mzz)'

yields that
_ ( Ui U2 )
hiunn  hiue + uoo.

Identification of the (1,1)- and (2,1) elements in A and LU yields the equations
u11 =0 and /;;uq; = 1, which have no solution.

(b) Row pivoting.



10.

11.

(a)

(b)

(@

1 05 15 -1\® (1 05 15 -1
|2 3 2 -2 < fo 2 -1 0|®
“lo 2 1 o 0 2 1 of|<®
0 4 2 2 0 4 2 2) 4
1 05 15 -1 1 05 15 -1
0 2 -1 0 0 2 -1 0
o 0o 2 o|l®7lo o 2 o

0 0 4 2J)< o o o 2

The coefficients used in the elementary row operations, with the opposite sign, form
the elements in the under triangle of the L matrix. Thus,

1 0 0 O 1 05 15 -1
21 0 O 0o 2 -1 0
L= 01 1 o} U= 0 0 2 0
0 2 2 1 0 0 0 2
Check:
1 0 0 0\/(1 05 15 -1 1 05 15 -1
2 1 0 0]]0 2 -1 0 2 3 2 -2
LU= 0 1 1 0]]0 O 2 o] |0 2 1 0 =4
0 2 2 1J\0 O 0 2 0 4 2

The L factors can be greater than 1 if pivoting is not performed (like in the example
above!), which can cause numerical instability through successive amplification
of rounding errors. There is also a risk for division by zero if row pivoting is not

performed.
1 4 7Y®G (1 4 7
A=[2 5 sdJ~0 -3 -6|®
3 6 10 0 -6 -11)<
1 4 7 '
~l0 -3 -6
0 0 1
which yields

1
L=|2
3

Ax=LUx=bwithb=(,1,1)
1 0 0\(y) (1) N=1
2 1 0fly=11|=y2=1-2y1=-1 ,
3 2 Ul U y3=1-3y1-2y,=0
and then Ux = y:

1 4 7 X1 1 X1=1—4XZ—7X3=—1/3
(0 -3 —6) (X2) = (—1) = xp=(-1+6x3)/(-3)=1/3,

0 0 1)\xs3 0

0 1 4 7
0f, U= -3 —-6].
1 0 0 1

. First solve Ly = b:

N N = O

x3=0,

thatis x = (-1/3,1/3,0)T.



(b) The error estimate _
lx—XI Ib— bl
<x(A)
llx bl
holds for systems Ax = b and A% = b, with arbitrary vector norm and associated
matrix norm. We know that || A~ ||lo = 7 and we can read off | A|loo = 19 (|| Alloo is the
largest 1 norm of any row vector in the matrix), which yields x,(A) = 133. We are
also given that |b— b|loo =5 x 1074, and it holds that [|blloo = 1, [ Xlleo = 1/3. Thus,

3 Ib— bllo
X — X|loo < Kool(A) —Ilbll [Xlloo =133-0.0005-1/3 = 0.0222,
oo

(that is, an error in the second decimal!).
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1. Let e =X —X, where X is the exact solution. If

llex+1ll ~ Cllegll,

where 0 < C < 1, then the sequence Xy, is said to converge linearly with convergence rate
C. (The precise definition is that the convergence is linear if there is a constant 0 < C < 1
such that limy_. lexs1ll/llexll = C.)

2. (a) quadratic; (b) linear with rate constant 1072,

3. Newton’s method for solving equation f(x) = 0 can be written ;1 = x; —J(x;) "' f(x;). For
f(x) = Ax—b =0, the Jacobian is J = A (independent of x). Newton’s metod then becomes

Xpi1 =Xk —A ' (Ax—b) =A"'b,

so Newton’s metod finds the solution to the equation Ax = b in one step, regardless of
starting guess.

4. Advantage, fixed-point iterations: no linear system to solve, no Jacobian calculation
needed. Advantage, Newton’s method: fast (quadratic) local convergence.

5. Atlocal minima x, of f, it holds that all partial derivatives of f vanish,

or =0,fori=1,...,n
ax,-
that is, the gradient of f vanishes at x., Vf(x.) = 0. The condition Vf(x,) =0is a
nonlinear system of equations in x.. The Jacobian of the gradient Vf is the Hessian
matrix H with components
0 f

T axiax]' ’

Newton’s method then becomes

Xn+l =Xp — H(Xn)_lvf(xn)-
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1.

False. The condition for stability is that the solution curves for different initial conditions
should not diverge as t — +oo.

2. Ascalar, linear ODE written on the form y’ = Ay + f () is stable when Re(A) < 0, asymptot-

3.

7.

ically stable when Re(A) < 0, and unstable when Re(1) > 0. Thus, (a) and (b) are unstable,
(c) is asymptotically stable, and (d) is stable.

(a) Introduce z = y’, and write as the system

Y z
z) " \ysinwt-6z-o(y*-y)

(b) Introduce g = f', h=g'(= f"), and write

(c) Introduce z =y, and write

v _ z
z) "z -y +y)

(a) An equation, typically nonlinear, has to be solved at each time step for an implicit
method. No equation has to be solved for the explicit method.

(b) The truncation error is the difference between the numerical and exact solution
after one time step.

(c) The method has the order of accuracy p if the truncation error is O(At”*1).
True, by definition.

An implicit method requires generally much more floating-point operations at each time
step, compared to an explicit method, due to the need to solve equations. An explicit
method is thus more efficient as long as the time step required for stability is not too
small (that is, much smaller than the time step required for sufficient accuracy).

(a) Forward Euler (Euler framat), Backward Euler (Euler bakat), and the trapezoidal
method (trapetsmetoden).
(b) Substitute yy = y(tx), where y is the solution to y' = f (¢, y), and compute LHS—RHS
of the scheme:
Yltir) = () = At [a f (ter, y(teen)) + A = ) f (2, y (1)
= y(txs1) — y(tx) — At @y (tx+1) + (1 — @)y’ (£;) ] = [Taylor expansion]

2 6

= y(t) + ¥ (At + Y (1) — + ¥ (1) — + O(Ath) - y(1z)

A 2
— At [a (y'(tk) + " ()AL + y”’(tk)Tt +O(AL)

+(1—a)y’(tk)]
_ 1_ 2 m (l_ﬁ) 3 4
=y (tk)(2 a)At ¥ () 5 2 At° + O(ATY).

Thus, we have the order of accuracy 2 for @ = 1/2 and 1 otherwise.



(c) Applying the scheme on the model problem yields

Yir1 = Vi + At (@Ay + A - a)Ayi),
that is,
(1-aAtD)yr+1 =1+ At(1 —a)A] yg.
Stability requires |yx+1] < |yx|, which holds if and only if
[1+Ar(1-a)A|
- <
[1-—aAtA|

Since 1 < 0, we write A = —|A|] and multiply both sides of (1) with |1 — aAfA| =
1+ aAt|A| =0, to obtain

1)

|1-Ar(1-a)IAl| <1+ aArlAl,
that is,
—1-aAtIM =1-At(Q - a)|A| < 1+ aAt|Al
The right inequality is always satisfied, whereas the left inequality yields that
At(l1-2a)|Al =2,

which always is satisfied for 1/2 < a < 1. Thus, the scheme is unconditionally stable
(ovillkorligt stabil) for 1/2 < a < 1. However, for 0 < a < 1/2, we get the stability
condition

At < .
1-2a

(d) Choosing a = 1/2 and substituting f(f,+1, Yn+1) With f(#,+1,x)), where x = y,, +
Atf(tn, yn) (forward Euler extrapolation), we obtain Heun’s method.
the forward Euler estimate

8. (a) The scheme is explicit.

(b) Substitute yy = y(tx), where y is the solution to y' = f(y, ), into the scheme and
compute LHS—RHS:

At
Y(t) =yt = — [3f(t, y(t1)) = f(tie1, Yi-1)]

3 1 .
= y(tre1) — () — At [5 ¥ () - 5 ¥ (tx_1) | = [Taylor expansion]

At NG
=yt + y’(tk)At+y”(tk)7 m

+Y" )=+ O(ALY) - y(tr)
2
~At Ey’(tk) - % (y’(tk) -y ()AL + ym(tk)ATt + O(At3))]

AP AP 5
= y”’(rk)T + y’”(tk)T +0(Ath = 3 y" ()AL + O(ALY.
The order of accuracy is thus 2.

9. A stiff system is one where there are vastly different time scales, such as for a system of
ODEs u’ = Au in which the real parts of the eigenvalues of matrix A are of vastly different
size.

Time step restrictions for explicit methods are dictated by the fastest time scales (the
largest real port of the eigenvalues of A), which means that many time steps will be
needed to capture the slow scales when using explicit methods. If the main interest is
in the slow time scales, it may be much more computationally efficient to use implicit
methods.
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1.

(a) The point set can always be interpolated with polynomials if all x; are distinct.

(b) Interpolation with high-order polynomials yield often strong oscillations between
the interpolation points.

Cubic splines are well suited for the task. An entirely inappropriate method is to use a
polynomial of degree 24.

(a) The maximum occurs somewhere in the interval (0.5,0.7). By interpolate at the
points 0.5, 0.6, and 0.7 with a parabola we can use its maximum to estimate the
maximum of the underlying function.

(b) Xmax = 0.609

Make an equidistant division of the unit square (0,1) x 0,1 into 7 intervals of size h =1/n
in each direction and let x; = kh, y; = lh, k, [ =0, ..., n. Applying the trapezoidal rule
first in the y- and then in the x-direction yields

1 pl hn—l 1
f f f,ydydx= =3 | [fO,y)+fxyi)]dx
o Jo 2 15 Jo
hz n-1n-1

~T YY f G yn) + f ks yien) + ka1, ¥ + f Xer1, Yie1) -
1=0 k=0

The trapezoidal rule yields

7800 1
T= f —dx
0 v(x)

~1300( 1 2 2 2 2 2

1
2 +—):11.25089....

— bt —t—t—F— + —
750 680 630 640 690 760 830

The Simpson rule can also be used, of course. The estimate will then be

7800
T= f —dx
0 v(x)

~1300( 1 4 2 4 2 4

1
3 +—)=11.26962....

— t—t—t—F— + —
750 680 630 640 690 760 830

Thus, with both methods we get an approximate flight time of 11 hours and 15 minutes.



